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INTRODUCTION

In the present work we propose the use of anisotropically-

porous coatings to reduce skin friction. Porous surfaces can

produce an effectively slip for the overlying, turbulent flow. If

the permeability of the porous layer is anisotropic, the appar-

ent slip depends on the orientation of the flow with respect to

the surface. In the case of riblets, the difference between the

streamwise and spanwise slip lengths, `s = `x − `z , was pro-

posed as the controlling parameter for the drag reduction [12].

It was later shown that this is the case for any surface manipu-

lation producing different `x and `z , and that for vanishing `s
the drag reduction was proportional to its value expressed in

wall units, with the proportionality constant being universal

[9, 5, 11]. In agreement with the above, it was shown that por-

ous surfaces can reduce friction if the substrate is permeable

only in the streamwise direction [8].

The theoretical analyses in [12, 11, 9] predict that the drag

reduction is proportional to the length-scale of the surface

manipulations. However, this proportional trend begins to

degrade for a given size, beyond which the performance ceases

to improve, and the surface treatment is no longer interesting

from an application perspective. In the case of riblets, this de-

gradation occurs when Kelvin–Helmholtz-like spanwise rollers

begin to develop over the surface [6]. These rollers generate

additional Reynolds stresses, which are responsible for the de-

gradation of drag. The same phenomenon has been shown to

occur over plant canopies [4, 14], porous surfaces [1], and in

general over obstructed, turbulent shear flows [7]. In the case

of porous surfaces, this mechanism can be triggered by the

wall-normal permeability alone [10].

Based on the above concepts of anisotropic slip length and

onset of a Kelvin–Helmholtz-like instability, we aim to obtain

estimates for the parameters that maximize the drag reduc-

tion produced by a coating with anisotropic porosity, like that

sketched in figure 1. Such coating can be characterized by

its thickness, h, and its streamwise, spanwise and wall-normal

porosities, Kx, Kz and Ky . It is assumed that these are the

principal directions of the porosity tensor, as in principle the

pores should be elongated in the streamwise direction, in the

spirit of [8], to maximize the longitudinal porosity while min-

imizing the transverse one.

SLIP EFFECT

To obtain the streamwise and spanwise effective slips, we

consider the flow within the porous layer in response to an

overlying, uniform shear. For small pore size, the problem

reduces to solving the Brinkman equation [2, 16, 13] inside

the porous medium, with no-slip conditions at the bottom of

the porous layer and continuity of the tangential stress at the

interface with the overlying free flow. The streamwise and
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Figure 1: Schematic diagram of flow over an anisotropic por-

ous surface.

spanwise slip lengths are then

`+x ∝
√
K+
x tanh

(
h+/

√
K+
x

)
, (1)

`+z ∝
√
K+
z tanh

(
h+/

√
K+
z

)
. (2)

The ‘+’ superscript indicates viscous-unit scaling. These rela-

tionships reveal that, in order to achieve a reduction in drag,

the permeabilities should be Kx > Kz , as could have been

intuitively predicted, but also that the coating thickness must

be at least h+ &
√
K+
x .

KELVIN–HELMHOLTZ INSTABILITIES

While the wall-normal permeability, K+
y , has no effect on

`+s , if sufficiently large it can be responsible for a significant

increase in drag [10]. As mentioned above, this increase can be

traced to the triggering of a Kelvin–Helmholtz-like instability,

which generates coherent spanwise rollers above the surface.

We focus now on the parameters controlling the de-

velopment of this instability. Since Kelvin-Helmholtz in-

stabilities are linear, inviscid processes, we look for solu-

tions of the form exp [i(αxx+ αzz − ωt)] to the linear-

ized Navier-Stokes equations, neglecting the viscous terms,

as in [10], [14], and [6]. The Orr-Sommerfeld equa-

tions reduce then in essence to a Rayleigh problem,

(−ω + αxU)(∂2/∂y2 − α2
x − α2

z) v = αx U ′′ v, for which we

use the same realistic U(y) profiles of [3]. The instability de-

velops because of the non-standard, impedance-like boundary

condition that arises from the presence of a porous substrate,

relating the pressure p and the wall-normal velocity v at the

interface with the overlying flow. To obtain this condition we

first solve the flow within the porous layer. Since the overlying

perturbation flow is assumed to be inviscid, there is no shear

transmitted to the flow within, which therefore follows simply

Darcy’s equation. Imposing incompressibility and integrating

along the coating depth h we obtain

v+0 = −
[
α̃+ΦxK

+
y tanh

(
α̃+Φx h

+
)]
p+0 , (3)

where v0 and p0 represent the values of each v and p Four-

ier mode at the interface, α̃ = (α2
x + (Kz/Kx)α2

z)1/2 is the
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Figure 2: Growth rate σ+ of the most amplified mode

as a function of the longitudinal wavelength λx. K̃+ =

10[0.36, 0.82, 1.28, 2.20] at Reτ = 550. , Φx = 10−3,

h+ = 10; , Φx = 103, h+ = 10; M , Φx = 1, h+ = 1; ◦,
Φx = 1, h+ = 100; - -, Φx = 1, h+ = 10.

weighted wavenumber module, and Φx = (Kx/Ky)1/2 is the

ratio between streamwise and wall-normal porosity lengths.

Note that the boundary condition expressed in equation 3

represents a wavelength-dependent impedance, unlike that for

a permeable medium in [10], but very similar to that used

for riblets in [6], and somewhat connected to that of [15].

Provided that Kx > Kz , as recommended by the analysis

of the slip effect, it can be shown that the most amplified

mode is always longitudinal. The problem reduces then to a

two-dimensional one with αz = 0.

The amplification σ = Im(ω) is shown in figure 2 as a

function of the wavelength λx = 2π/αx for base flows U

at Reτ = 550. If both U and the boundary condition are

expressed in wall units, the instability is essentially Reτ -

independent (not shown). The comparison with the analysis

for a piecewise-linear profile shows that the length scales of

the instability scale with the height yc at which high values of

U ′′ concentrate. For turbulent profiles, this height is y+c ≈ 8,

independently of the Reynolds number [6]. The effect of the

different coating parameters can then be essentially condensed

into a single, reduced porosity parameter,

K̃+ = K+
y Φx tanh

(
Φx

h+

y+c

)
, (4)

as shown in figure 2. The results for different h+ and Φx
collapse quickly as K̃+ increases, and are only significantly

different for K̃+ < 5. Nevertheless, the most amplified mode

always consists of spanwise-homogeneous, streamwise-periodic

rolling motions near the interface, which resemble those of

[6], and for large K̃+ the Kelvin-Helmholtz solution is always

recovered.

The rapid development of the instability with K̃+ is better

appreciated in figure 3, which portrays σ+ for the most amp-

lified mode as a function of K̃+. The solution is in essence

neutral for K̃+ . 1 and fully developed for K̃+ & 10.

CONCLUSIONS

Some conclusions can be drawn from the above analysis on

the expected drag behaviour of porous coatings. In order to

achieve drag reduction, the streamwise permeability needs to

be higher than the spanwise one, Kx > Kz , and the thickness

of the coating must be h+ &
√
K+
x . Under those conditions,
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Figure 3: Maximum growth rate σ+ as a function of the per-

meability K̃+ at Reτ = 550. , Φx = 10−3, h+ = 1; ,

Φx = 103, h+ = 100.

the drag reduction will be proportional to `+s ≈
√
K+
x −

√
K+
z .

However, this linear-with-`+s performance will begin to de-

grade eventually. In the most favourable case, Kx > Ky , this

degradation will occur once K̃+ ≈ (K+
x K

+
y )1/2 ≈ 10.
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